MATH 2010F Advanced Calculus I, 2016-17
Solution of Test 2

Q1. Study the following limit. If the limit exist, find the value of the limit. If not,
justify your answer with a reason.

(a) (7 points)
im ——2
()= (0,0) 22 + Y

(b) (8 points)

, sin(z3 + y3)
hm —_—.
(@y)—(00) 2?4 y?

Solution.
(a) Take z,, = ~. Then along the sequence (z,,,0) — (0,0) as n — oo, we have

T, -0
im
(@,0)=(0,0) 2 + 02

=0

On the other hand,

2
x, 1

lim
(@n,wn)—>(00) T3 + 275 2
There are two sequences converging to (0,0), so the limit does not exist.

(b) Observe that

3 3 2 2
P _ (el e+ )

0 = |z| +
T Raa = S H R
By using Sandwich rule, we obtain that
' 23 1y
lim ——=
(2.9)=(0,0) T + Y
Consequently,
‘(3 a3 3 0B (a3 1 a3
lim sin(x® 4 y°) T sin(z® + y*)

(z,y)—(0,0) X2+ > (z,y)—(0,0) 22 +y? 23+ 93
?+yt sin(z® + ?)
im lim —>~
(2)—0,0) 22 + y? (@y)—00) 23 + Y3
=0-1=0

Q2. Let f(z,y) =y + g

(a) (8 points) Find all the second order partial derivatives in the domain of defi-
nition.

(b) (7 points) Is f a C? function in the domain? Justify your answer with a reason.

Solution.



(a) Fory #0,

1 T
fx:_a f =1-—
y Y y?
1
fﬂc:fz = T 5
Y Y yz
2x
fzw:()a f = =
vy I

(b) Since fuz, fuy and fy, are continuous at y # 0, then f is C2.
3
Q3. Let f(z,y) = (x% —|—y%) .

(a) (10 points) Find f.(z,y), f.(z,y) for (z,y) # (0,0), and find f,(0,0) and
14(0,0).
(b) (10 points) Is f differentiable at (0,0)? Justify your answer with a reason.

Solution.

(a) Observe that for (z,y) # (0,0),

i) =3 (a1 ) = ()

fo(z,y) =3 (x1/3 4 y1/3)2 ) ly—2/3 _ (xl/?; 4 y1/3)2y_2/3

3
By definition,
£(0,0) = lim L9 = /(0.0

z—0 ,’1}—0 =1
0.0) = tig LED=FED

(b) If f is differentiable at (0,0) then

i @9 = 70,0~ (@ +)

=0 1
(z,y)—(0,0) \ 2+ 12 (1)

However (1) does not hold which implies f is not differentiable. Indeed,

(2,2)—(0,0) V2 + 2 (2,0)—(00) /222 V2

Q.4 (15 points) Consider the function
fanyg) | @ F 008 () for (@) # 0.0),
’ 0, for (z,y) = (0,0),

Show that it is differentiable at (0,0) but its partial derivatives are not continuous
there.



Solution. Observe that

fw(070)_:151i>1(1) T —0
m 23 cos(%) 0
z—0 xT
o f(0,y) = f(0,0)
g y? cos(g%) Ly
Then
(2,4)—(0,0) Va2 + 2 (,y)—(0,0) Va2 +y?
=0
since

o < 1Y Ieos(m)l (@2 + ) (Vo + o)

2 3
= =z +|y°—=0
/1-2_|_y2 /x2+y2 ‘ |
Thus, f is differentiable at (0, 0).
However, if (z,y) # (0,0) then
1 2z(2® +y*) | 1
_ 9,2
fx($,y) =3 COS(x2 +y2) + (.’13'2 +y2>2 SIH(:EQ +y2)

When (z,0) — (0,0),
fo(z,0) = 327 cos(%) - QSin(%) -0
x x
Therefore, f, is not continuous at (0, 0).
On the other hand, for (z,y) # (0,0),

2y(x® +y*) |
(x2+y2)2

1
fyla0) =497 cos( )

When (x, 2'/2) — (0,0) for x > 0,

2(27% 4 25/%) 1
(2% 4 x)?

fylx, 2%y = 4232 cos(

)+

2+
Thus, f, is also not continuous at (0, 0).
Q5. Consider the funtion g(z,y,2) = 2° —xy + yz + ° — 2.

(a) (& points) Find its directional derivative along & = (1,2, 1)/+/6 at point P(3,4,7),
(b) (5 points) Find the direction it increases most rapidly at P,



(¢) (& points) Find the direction it decreases most rapidly at P.

Solution.

(a) Observe that
Vg(xvya Z) = (_y7 —x+z+ 32/27 322 + y)
Then the directional derivative along ¢ = (1,2,1)/y/6 at point P(3,4,7) is
251

£-Vg(P)=(1,2,1)/vV6 - (—4,52,151) = 7

(b) The gradient direction is what we want. Indeed,

Vg(P)  (—4,52,151)

IVg(P)| /25521

(¢) g decreases most rapidly at P along its negative gradient direction, i.e.,

Vy(P) (—4,52,151)

[Ve(P)]  2hal

Q6. Consider the two dimensional heat equation

_ 0 0 5
(a) (10 points) Suppose H(t,z,y) = +h(z) with z = ijyQ, show h(z) satisfies

the ordinary differential equation
" ]‘ 1 /
h"(z) + i h'(z) + h(z) =0,

(b) (10 points) Can you find all these solution for h(z) ?

Solution.

(a) By using Chain Rule,

1 " 1 z 2 / ’
1 1 " 1 2 / a?
(G = 75 (h ( )%(ﬁ) +h(2) @ +y2)3/2)
Thus,
AGHE) = (%h"(z) " h'@)ﬁ)
-2 (h”(z) " %h’(z))



And observe that
1 1 1, 1
(;h(z))t = _t_Qh’(Z> + gh (Z)(—it Va2 +y?)
1 1
= _t_Qh(Z> ~ 557 V2 + y2h(2)
1 1
=——h(z) - 572 Va2 4+ y?h(z)

2 2t
= 5 (~h(2) — 32H(2))
Therefore,
0—0,H— AH — (%h@))t - A(%h(z))
= (h(z) — g2l (2) — <h”(z) n %h’(z))

which implies
1 1
0=h(z)+ §zh’(z) +h'(2) + ;h'(z)

(b) Observe that

0= K'(z) + G + %z) B () + h(2)
= 0==zh"(z)+ (1 + %,22) h'(z) + zh(z)
= (H(2) + 5 (Ph(z))

Integrating above equation over z from 0 to z on both sides,
/ 1 2
zh (Z) + 52 h(Z) = Cl

, 1 1
= h (Z) + 52]2(2) = Cl;

Using the integrating factor M = 6%22, then we have

d%* (eiZQh(z)) = Clgeiz

Integrating both sides from 0 to z, then we obtain the general solution

12 1 1
h(z) = e 47 (C’l/ geis ds—i—C’g)
0

where (', (5 are any constants.



